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Abstract
We construct exact non-perturbative massive solutions in the gravitational
Higgs mechanism. They confirm the conclusions of arXiv:1102.4991, which
are based on non-perturbative Hamiltonian analysis for the relevant metric
degrees of freedom, that while perturbatively unitarity may not be evident,
no negative norm state is present in the full nonlinear theory. The non-
perturbative massive solutions do not appear to exhibit instabilities and de-
scribe vacuum configurations which are periodic in time, including purely lon-
gitudinal solutions with isotropic periodically expanding and contracting spa-
tial dimensions, “cosmological strings” with only one periodically expanding
and contracting spatial dimension, and also purely non-longitudinal (“trace-
less”) periodically expanding and contracting solutions with constant spatial
volume. As an aside we also discuss massive solutions in New Massive Gravity.
While such solutions are present in the linearized theory, we argue that al-
ready at the next-to-linear (quadratic) order in the equations of motion (and,
more generally, for weak-field configurations) there are no massive solutions.
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1 Introduction and Summary
The gravitational Higgs mechanism gives a non-perturbative and fully covariant
definition of massive gravity [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16].
The graviton acquires mass via spontaneous breaking of the underlying general
coordinate reparametrization invariance by scalar vacuum expectation values.3
Within the perturbative framework, unitarity requires that, in order not to prop-
agate a negative norm state at the quadratic level in the action, the graviton mass
term be of the Fierz-Pauli form [54]. Furthermore, higher order terms should be such
that they do not introduce additional degrees of freedom that would destabilize the
background [55].4
In [16], following [12], it was argued that perturbation theory appears to be in-
adequate, among other things, for the purposes of addressing the issue of unitarity.5
In [16] a non-perturbative Hamiltonian analysis for the relevant metric degrees of
freedom was performed and it was argued that the full nonlinear theory is free of
ghosts. The main result of [16] is that, in the gravitational Higgs mechanism in the
Minkowski background, non-perturbatively the Hamiltonian is bounded from below.6
In fact, the results of [16] are in complete agreement with the full Hamiltonian anal-
ysis performed in [11] for the original model proposed by ’t Hooft [2] (see below), in
which the full (gauge-fixed) Hamiltonian is explicitly positive-definite and coincides
with the Hamiltonian of [16] for the relevant metric degrees of freedom.7
In fact, this holds irrespective of whether the perturbative mass term is of the
Fierz-Pauli form, including in the simplest case with no higher-derivative couplings
in the scalar sector, first discussed in [2]. Even though perturbatively the trace of the
metric fluctuations is a propagating ghost, non-perturbatively the theory “resums”
and the non-perturbative Hamiltonian is bounded from below.8
3For earlier and subsequent related works, see, e.g., [17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27,
28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 41, 40, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53],
and references therein.
4For recent related works, see, e.g., [24, 27, 28, 29, 37, 39, 40, 42, 49, 52], and references therein.
5In [52] it is argued that in the massive gravity models of [37, 39] perturbation theory breaks
down already at a very low scale.
6The same conclusion was reached in [12] in the de Sitter case. For prior works on massive
gravity in the de Sitter space, see, e.g., [56, 57, 58, 59, 60], and references therein.
7In [11] the full Hamiltonian analysis also was performed for another model with non-polynomial
“potential” – see subsection 4.2.4 hereof for details. The full Hamiltonian analysis is technically
challenging in general case. However, the Hamiltonian analysis of [16] for the relevant metric
degrees of freedom is tractable in other cases with nonlinear potentials, e.g., the quadratic potential
– see subsection 4.2.2 hereof for details.
8However, neither [16] nor this paper attempt to address the question of whether there is
any superluminal propagation of signals or the related issue of (a)causality. In this regard, we
emphasize that the results of [41, 48, 53] are intrinsically perturbative and do not appear to apply
to the full non-perturbative definition of the gravitational Higgs mechanism. To see if there is any
superluminal propagation of signals in the full non-perturbative theory, it appears that one might
have to develop some new non-perturbative methods, which is clearly beyond the scope of this
paper (and off the cuff it is not even evident what such non-perturbative methods would entail).
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In this paper we further verify the results of [16] by constructing exact non-
perturbative massive solutions in the gravitational Higgs mechanism. These non-
perturbative massive solutions do not appear to exhibit instabilities and describe
vacuum configurations which are periodic in time. For example, in D = 3 in the
model of [2], we have purely longitudinal solutions with isotropic periodically ex-
panding and contracting spatial dimensions with the metric (0 ≤ ρ < 1)
ds2 = −dτ 2 + [1− ρ cos(Mτ)] δijdxidxj , (1)
where M is the naive perturbative graviton mass.9 This is an exact solution. When
the amplitude of the oscillations ρ is large, the perturbative expansion breaks down
as is evident upon examining the full nonlinear Hamiltonian H for the longitudinal
mode:
H
2κM
=
M2
2
√
2e−2q − e−4q
M2 + 4(∂tq)2
=
M
2
− (∂tq)
2 +M2q2
M
+ . . . , (2)
which non-perturbatively is positive-definite (the first equality in (2)), but pertur-
batively, when expanded in the weak-field approximation to the second order in q
and ∂tq, has a fake ghost of mass M (the second equality in (2)).
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Also in the same model of [2], in any dimension D, we find exact solutions we
refer to as “cosmological strings”, of the form:
ds2 = eω(t)
[−dt2 + (dx1)2]+ D−1∑
i=2
(dxi)2 . (3)
These solutions are 2-dimensional cosmological defects in a D-dimensional space-
time with only one periodically expanding and contracting spatial dimension. The
periodic function ω(t) has a period T , which depends on the oscillation amplitude.
For small amplitudes T ≈ 2π/M , whereM is the naive perturbative graviton mass.11
Once higher-derivative terms are added in the scalar sector,12 there are other
exact solutions, including, e.g., D = 3 purely non-longitudinal (“traceless”) period-
ically expanding and contracting solutions with constant spatial volume with the
The non-Fierz-Pauli model of [2] is the “least non-perturbative” and might provide a fruitful testing
ground in this context. We also note that the issue of superluminal propagation does not appear
to be relevant in the context of the application of the gravitational Higgs mechanism to a string
theory description of QCD – which was one of the primary motivations in ’t Hooft’s paper [2] – if
QCD is to be described by string theory, all known consistent versions of which contain massless
gravity, then the graviton should presumably somehow acquire mass, and the gravitational Higgs
mechanism is one way of approaching this problem.
9Perturbatively, the traceless components of the graviton are positive-definite with mass M ,
while the trace component is a ghost with the same mass. Non-perturbatively, there is no ghost.
10In (2) q is a canonical variable for the longitudinal mode, κ is a constant, t is the time coordinate
(related to but not the same as τ in (1)) w.r.t. which the conjugate momentum for q is defined,
and the ellipses stand for higher order terms in q and ∂tq (see §§ 4.2 and 6.1 for details).
11The explicit form of ω is given in Subsections 7.1 and 7.2.
12As was first discussed in [5], higher-derivative terms are required to obtain the Fierz-Pauli
term in the perturbative expansion.
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metric of the form
ds2 = −dτ 2 + [1 + ρ cos(M1τ)] (dx1)2 + [1− ρ cos(M1τ)] (dx2)2 +
2ρ sin(M1τ) (dx
1)(dx2) , (4)
where the amplitude of oscillations ρ and the mass parameter M1 are determined by
the higher-derivative couplings in the scalar sector (see Subsection 7.3 for details).
Upon gauging away the scalar degrees of freedom, the simplest non-perturbative
massive gravity action (in the Minkowski background) can be written as
SMG =M
D−2
P
∫
dDx
√
−G [R + µ2 (D − 2−GMNηMN)] , (5)
which corresponds to the model of [2] without higher-derivative couplings in the
scalar sector.13 This action, albeit nonlinear, allows to obtain various exact solu-
tions, as we have done in this paper.14 Since non-perturbatively there is no ghost
[16], it might be possible to utilize this model in pursuing one of the original motiva-
tions of [2], namely, string theory description of QCD, where massless spin-2 modes
somehow must acquire mass.15 Another motivation for massive gravity – its large-
scale modification – is cosmology, including in the context of the currently observed
accelerated expansion of the Universe [63, 64] and the cosmological constant.
As an aside we also discuss massive solutions in New Massive Gravity [65]. While
such solutions are present in the linearized theory, we argue that already at the
next-to-linear (quadratic) order in the equations of motion (and, more generally, for
weak-field configurations) there are no massive solutions.
The rest of the paper is organized as follows. In Sections 2 and 3 we discuss
the gravitational Higgs mechanism in a general background, which results in lin-
earized massive gravity with the Fierz-Pauli mass term for the appropriately tuned
13See Section 2 for the discussion of more general actions that allow for the Fierz-Pauli mass
term in the linearized gravity.
14It would also be interesting to construct black hole solutions in this model.
15Because of the tachyon problem, it is difficult to speculate about embedding the gravita-
tional Higgs mechanism into bosonic string theory. However, such embedding appears to be both
straightforward and natural in the context of supersymmetric string theory, where typically there
is an abundance of scalars with flat directions (and no non-derivative couplings). (In this context,
the role of the time-like scalar is played by a pseudoscalar dual to a p-form with p = D − 2.)
In supersymmetric string theory there appears to exist no evident obstruction to the aforesaid
scalars acquiring coordinate-dependent vacuum expectation values thereby spontaneously break-
ing the diffeomorphism invariance and resulting in the gravitational Higgs mechanism. Such a
string background would, however, appear to be non-perturbative (strongly coupled, and, in fact,
time-dependent), which bodes well with the apparent non-perturbative nature of the gravitational
Higgs mechanism. In this regard, let us note a difference between the gravitational Higgs mecha-
nism and its gauge theory counterpart. In the latter scalar vacuum expectation values are constant,
while in the former they depend linearly on space-time coordinates. In fact, the background is not
even static. It would take infinite energy to destabilize such a background, which should therefore
be stable. This is reminiscent to infinite-tension domain walls discussed in [61, 62].
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cosmological constant. In Section 4 we discuss non-perturbative massive gravity via
the gravitational Higgs mechanism and review the non-perturbative Hamiltonian
for the relevant metric modes and its positive-definiteness. In Section 5 we discuss
restrictions on higher curvature terms that we use in our discussion of New Massive
Gravity in Section 8. In Section 6 we discuss non-perturbative massive solutions
corresponding to the longitudinal mode. In Section 7 we discuss non-perturbative
non-longitudinal massive solutions. In Section 8 we discuss massive solutions in New
Massive gravity.
2 Gravitational Higgs Mechanism
The goal of this section is to obtain massive gravity in a general background via
the gravitational Higgs mechanism. This is a generalization of the setup of [12] for
the gravitational Higgs mechanism in the de Sitter space to a general background.
Thus, let
S = SG +
1
2
∫
dDx GMNT
MN , (6)
where
SG ≡MD−2P
∫
dDx
√−G
[
R− Λ˜ +O (R2)] (7)
is an arbitrary generally covariant action constructed from the metric GMN and
its derivatives, Λ˜ is the cosmological constant, O (R2) stands for higher curvature
terms constructed from R, RMN and RMNST , and we have included a coupling to
the conserved energy momentum tensor TMN :
∇NTNM = 0 . (8)
Let G˜MN be a background solution to the equations of motion corresponding to (6):
RMN − 1
2
GMN
[
R− Λ˜
]
+O (R2) = M2−DP
2
√−GTMN , (9)
The background metric G˜MN generally is a function of the coordinates x
S: G˜MN =
G˜MN(x
0, . . . , xD−1).
Let us now introduce D scalars φA. Let us normalize them such that they have
dimension of length. Let us define a metric ZAB for the scalars as follows:
ZAB(φ
0, . . . , φD−1) ≡ δAMδBNG˜MN(φ0, . . . , φD−1) , (10)
i.e., we substitute the space-time indices M and N in G˜MN with the global scalar
indices A and B, and substitute x0 → φ0, . . . , xD−1 → φD−1 in the functional form
of G˜MN .
Next, consider the induced metric for the scalar sector:
YMN = ZAB∇MφA∇NφB . (11)
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Also, let
Y ≡ YMNGMN . (12)
The following action, albeit not most general,16 will suffice for our purposes here:
SY =M
D−2
P
∫
dDx
√−G [R− µ2V (Y ) +O (R2)]+ 1
2
∫
dDx GMNTMN , (13)
where a priori the “potential” V (Y ) is a generic function of Y , and µ is a mass
parameter, while the cosmological constant Λ˜ is subsumed in the definition of V (Y )
(see below).
The equations of motion read:
∇M (V ′(Y )ZAB∇MφB) = 1
2
∂ZBC
∂φA
GMN∇MφB ∇NφC V ′(Y ) , (14)
RMN − 1
2
GMNR +O
(
R2
)− µ2 [V ′(Y )YMN − 1
2
GMNV (Y )
]
=
=
M2−DP
2
√−GTMN , (15)
where prime denotes a derivative w.r.t. Y . Multiplying (14) by ∇SφA and contract-
ing indices, we can rewrite the scalar equations of motion as follows:
∂M
[√−GV ′(Y )GMNYNS]− 1
2
√−GV ′(Y )GMN∂SYMN = 0 . (16)
Since the theory possesses full diffeomorphism symmetry, (16) and (15) are not all
independent but linearly related due to Bianchi identities. Thus, multiplying (15)
by
√−G, differentiating w.r.t. ∇N and contracting indices we arrive at (16).
We are interested in finding solutions of the form:
φA = δAM x
M , (17)
GMN = G˜MN . (18)
Since on this solution YMN = G˜MN and Y = D, (16) is automatically satisfied.
Furthermore, (15) implies that
RMN − 1
2
GMN
[
R− Λ˜
]
+O (R2) = M2−DP
2
√−GTMN , (19)
provided that
V (D)− 2V ′(D) = Λ˜/µ2 . (20)
16One can consider a more general setup with the scalar action constructed not just from Y , but
from YMN , GMN and ǫM0...MD−1 , see, e.g., [5, 8, 9, 10]. However, a simple action containing a scalar
function V (Y ) suffices to capture all qualitative features of the gravitational Higgs mechanism.
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For non-generic potentials this condition can be constraining. For example, if
V (Y ) = a + Y and Λ˜ = 0, we have a = −(D − 2) implying that the vacuum
energy density Λ ≡ µ2V (0) = aµ2 in the unbroken phase (φA ≡ 0) must be nega-
tive. However, since µ is an arbitrary mass scale, for generic potentials V (Y ) the
above condition is not constraining. In particular, generically there is no restriction
on the vacuum energy density Λ = µ2V (0) in the unbroken phase, which can be
positive, negative or zero, even if one requires that the mass term for the graviton
in the linearized theory is of the Fierz-Pauli form (see below).
3 Linearized Massive Gravity
In this section we discuss linearized fluctuations in the background given by (17)
and (18). Since diffeomorphisms are broken spontaneously, the equations of motion
are invariant under the full diffeomorphism invariance. The scalar fluctuations ϕA
can therefore be gauged away using the diffeomorphisms:
δϕA = ∇MφAξM = δAM ξM . (21)
However, once we gauge away the scalars, diffeomorphisms can no longer be used to
gauge away any of the graviton components hMN defined as:
GMN = G˜MN + hMN , (22)
where G˜MN is the background metric defined in the previous section. We will use
the notation h ≡ G˜MNhMN .
After setting ϕA = 0, we have
YMN = G˜MN , (23)
Y = YMNG
MN = D − h+O (h2) , (24)
Due to diffeomorphism invariance, the scalar equations of motion (14) are related to
(15) via Bianchi identities. We will therefore focus on (15). Linearizing the terms
containing V , we obtain:
RMN − 1
2
GMN
[
R − Λ˜
]
+O (R2)−
−M
2
2
[
G˜MNh− ζhMN
]
+O (h2) =
=
M2−DP
2
√−GTMN , (25)
where
M2 ≡ µ2 [V ′(D)− 2V ′′(D)] , (26)
ζM2 ≡ 2µ2V ′(D) . (27)
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This corresponds to adding a graviton mass term of the form
− M
2
4
[
ζhMNh
MN − h2] (28)
to the gravity action SG, and the Fierz-Pauli combination corresponds to taking
ζ = 1. This occurs for a special class of potentials with
V ′(D) = −2V ′′(D) . (29)
Thus, as we see, we can obtain the Fierz-Pauli combination of the mass term for
the graviton if we tune one combination of couplings. In fact, this tuning is nothing
but the tuning of the vacuum energy density Λ = µ2V (0) in the unbroken phase
– indeed, (29) relates the vacuum energy density in the unbroken phase to higher
derivative couplings.
3.1 Linear Potential
The simplest potential is given by [2]:
V = a+ Y (30)
From (20) we have
a =
Λ˜
µ2
− (D − 2) (31)
The vacuum energy density in the unbroken phase Λ = µ2V (0) is negative for
Minkowski solutions. Also, for this potential (29) cannot be satisfied, i.e., we cannot
have the Fierz-Pauli mass term, which requires ζ = 1 in (27) and instead we have
ζ = 2. Perturbatively, the trace h ≡ G˜MNhMN is a propagating ghost degree of
freedom. However, as was argued in [16], non-perturbatively there is no ghost and
the Hamiltonian for the relevant degrees of freedom (see below) is bounded from
below. To achieve the Fierz-Pauli mass term, higher derivative terms for scalars are
needed [5].
3.2 Quadratic Potential
Thus, consider a simple example:
V = a+ Y + λY 2 . (32)
The first term corresponds to the vacuum energy density Λ = µ2V (0) in the unbroken
phase, the second term is the kinetic term for the scalars (which can always be
normalized such that the corresponding coefficient is 1 by adjusting µ), and the
third term is a four-derivative term. From (29) we then have:
λ = − 1
2(D + 2)
, (33)
7
and the graviton mass is given by:
M2 =
4µ2
D + 2
. (34)
Moreover, from (20) we have:
a =
Λ˜
µ2
− D
2 + 4D − 8
2(D + 2)
, (35)
which is nothing but tuning of the vacuum energy density Λ = µ2V (0) in the
unbroken phase against the higher derivative coupling µ2λ.
Here the following remark is in order. In the above example with the quadratic
potential (32) the vacuum energy density Λ = µ2V (0) in the unbroken phase must
be negative in the case of the Minkowski background (Λ˜ = 0). However, generically,
there is no restriction on Λ, even in the case of the Minkowski background, if we
allow cubic and/or higher order terms in V (Y ), or consider non-polynomial Y (Y ).
3.3 Exponential Potential
Thus, consider another simple example:
V = a+ b e−λY . (36)
Then from (29) we then have:
λ =
1
2
, (37)
and from (20) we have:
a =
Λ˜
µ2
− 2 b e−D/2 . (38)
In this case the vacuum energy density in the unbroken phase Λ = µ2V (0) = a + b
can therefore be positive, negative or zero depending on the value of the parameter
b irrespective of the value of Λ˜.
3.4 Square-root Potential
Finally, consider the following non-polynomial potential:
V = a+
√
Y + b . (39)
From (29) we have:
b = −(D − 1) , (40)
and from (20) we further have
a =
Λ˜
µ2
. (41)
An interesting feature of this square-root potential is that there is no unbroken phase
as we must have Y ≥ (D − 1).
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4 Non-perturbative Massive Gravity
The gravitational Higgs mechanism provides a non-perturbative definition of massive
gravity in a general background. Thus, if we use diffeomorphisms to gauge away
the scalars by fixing them to their background values (17), the full non-perturbative
action is then given by
SMG =M
D−2
P
∫
dDx
√−G
[
R− µ2V (GMNG˜MN) +O
(
R2
)]
+
1
2
∫
dDx GMNTMN ,
(42)
which describes massive gravity in the background metric G˜MN . The equation of
motion reads
RMN − 1
2
GMNR +O
(
R2
)− µ2 [V ′(GST G˜ST )G˜MN − 1
2
GMNV (G
ST G˜ST )
]
=
=
M2−DP
2
√−GTMN , (43)
with the Bianchi identity
∂M
[√−GV ′(GRT G˜RT )GMNG˜NS]− 1
2
√−GV ′(GRT G˜RT )GMN∂SG˜MN = 0 , (44)
which is equivalent to the gauge-fixed equations of motion for the scalars.
4.1 An Example: Schwarzschild Background
This construction allows to define massive gravity in nontrivial curved backgrounds.
The de Sitter background was discussed in [12]. Another example is the Schwarzschild
background, for which the background metric G˜MN is given by:
ds2 = G˜MNdx
AdxB = −A2dt2 +B2dr2 + C2γabdxadxb , (45)
where
A = B−1 =
√
1− r∗/r , (46)
C = r , (47)
and γab is a metric on the unit sphere S
d−1, d = D − 1. This, provides an explicit
construction of massive gravity in the Schwarzschild background (not to be confused
with a construction of Schwarzschild-like solutions in massive gravity).
4.2 Unitarity: Minkowski Background
Following [12] and [16], in this subsection we discuss unitarity of massive gravity via
the gravitational Higgs mechanism in the Minkowski background by studying the
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full non-perturbative Hamiltonian for conformal and helicity-0 modes. This suffices
to deduce whether there are any additional degrees of freedom that destabilize the
background, assuming that transverse-traceless graviton components are positive-
definite.17
To identify the relevant modes in the full nonlinear theory, let us note that in the
linearized theory the potentially “troublesome” mode is the longitudinal helicity-0
mode ρ. However, we must also include the conformal mode ω as there is kinetic
mixing between ρ and ω. In fact, ρ and ω are not independent but are related via
Bianchi identities. Therefore, in the linearized language one must look at the modes
of the form18
hMN = ηMN ω +∇M∇Nρ . (48)
Furthermore, based on symmetry considerations, namely, the SO(D− 1) invariance
in the spatial directions,19 we can focus on field configurations independent of spatial
coordinates [12, 16]. Indeed, for our purposes here we can compactify the spatial
coordinates on a torus TD−1 and disregard the Kaluza-Klein modes. This way we
reduce the D-dimensional theory to a classical mechanical system, which suffices for
our purposes here. Indeed, with proper care (see [12]), if there is a negative norm
state in the uncompactified theory, it will be visible in its compactified version, and
vice-versa.
Let us therefore consider field configurations of the form:
GMN = diag(g(t) η00, f(t) ηii) , (49)
where g(t) and f(t) are functions of time t only. The action (42) then reduces as
follows:20
SMG = −κ
∫
dt g−
1
2f−
D−1
2
{
Q(gU2) + µ2 V (g + Ω)
}
, (50)
where
κ ≡MD−2P WD−1 , (51)
Q(x) ≡
∞∑
k=1
ckx
k , (52)
c1 ≡ (D − 1)(D − 2) , (53)
U ≡ 1
2
∂t ln(f) , (54)
Ω ≡ (D − 1)f , (55)
17In some cases with higher curvature terms transverse-traceless graviton components are not
necessarily positive-definite. In such cases our discussion here assumes that no higher-curvature
terms are present.
18However, as was discussed in detail in [12, 16], this naive intrinsically perturbative parametriza-
tion is inadequate, among other things, for addressing the issue of unitarity.
19Indeed, negative norm states cannot arise from purely space-like components or spatial deriva-
tives, and are due to time-like components and/or time derivatives.
20Here we omit the source term as it does not affect the unitarity analysis.
10
and WD−1 is the volume in the spatial dimensions (i.e., the volume of T
D−1). Also,
the k = 1 term in (52) corresponds to the Einstein-Hilbert term, while the k > 1
terms (the sum over k, a priori, can be finite or infinite) correspond to the O (R2)
terms and we are assuming that the O (R2) are such that only first time-derivatives
of f appear, which imposes certain conditions on the higher curvature terms (see
below). Also, note that g is a Lagrange multiplier. We can integrate out g and
obtain the corresponding action for f . It is then this action that we need to test for
the presence of a negative norm state.
However, there is a simple way to see if the Hamiltonian is positive-definite. The
equation of motion for g reads:
µ2 [V (g + Ω)− 2gV ′(g + Ω)] = 2gU2Q′(gU2)−Q(gU2) . (56)
For our purposes here it is more convenient to work with the canonical variable q,
where
q ≡ 1
2
ln(f) , (57)
Ω = (D − 1)e2q , (58)
U = ∂tq , (59)
and the action reads:
SMG =
∫
dt L = −κ
∫
dt g−
1
2 e−(D−1)q
{
Q(gU2) + µ2 V (g + Ω)
}
, (60)
where L is the Lagrangian. This action corresponds to a classical mechanical system
with a lagrange multiplier g.
Next, the conjugate momentum is given by
p =
∂L
∂(∂tq)
= −2κe−(D−1)qg 12UQ′(gU2) , (61)
where we have used (56) to eliminate terms containing
gˆ ≡ ∂g
∂(∂τ q)
, (62)
and the Hamiltonian is given by
H = p ∂tq − L = 2κµ2g 12 e−(D−1)qV ′(g + Ω) , (63)
where we again used (56).
Actually, this Hamiltonian can be obtained up to a normalization constant from
(16), which for the field configurations (49) reduces to
∂t
[
g
1
2 e−(D−1)qV ′(g + Ω)
]
= 0 . (64)
This is nothing but the condition that the Hamiltonian is constant.
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4.2.1 Linear Potential
The Hamiltonian is evidently positive-definite for the linear potential V = a+ Y of
[2],21 in complete agreement with the full Hamiltonian analysis of [11] (see [16] for
details). As was pointed out in [16], the absence of ghosts in the full non-perturbative
theory despite the fact that for the linear potential we do not have the Fierz-Pauli
mass-term, is yet another illustrative example of pitfalls of linearization.
4.2.2 Quadratic Potential
The proof that the Hamiltonian is positive-definite for the quadratic potential (32) is
given in [16] for the Einstein-Hilbert case (ck>1 = 0 in (52)). The proof in the case
of general Q(gU2) is essentially the same with the substitution c1gU
2 → Q(gU2)
assuming that ck>1 ≥ 0.
4.2.3 Exponential Potential
The Hamiltonian is evidently positive-definite for the exponential potential (36)
with bλ < 0. In fact, ghosts are absent even without requiring (37), which is the
requirement that the linearized mass term be of the Fierz-Pauli form.
4.2.4 Square-root Potential
The Hamiltonian is evidently positive-definite for the square-root potential (39).
This is consistent with the full Hamiltonian analysis of [11] for this potential.22
4.3 Unitarity: de Sitter Background
The unitarity argument for the de Sitter background closely parallels that for the
Minkowski background. In the de Sitter case we consider field configurations of the
form:
GMN = diag(g(t) G˜00, f(t) G˜ii) , (65)
where g(t) and f(t) are functions of time t only, and G˜MN is the de Sitter metric,
which we can choose as follows:
G˜MN = diag(η00, e
−2Htηii) , (66)
where H is the Hubble parameter. The above unitarity argument for the Minkowski
background is essentially unchanged if we define
q ≡ 1
2
ln(f) +Ht (67)
as the canonical variable.
21In [2] it was observed that perturbatively the theory was non-unitary.
22The Hamiltonian analysis of [11] for this potential apparently assumes b > 0. However, it
appears that it can also be performed for b < 0.
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5 Restrictions on Higher Curvature Terms
In the previous section we assumed that (52) does not contain higher derivative
terms. This imposes restrictions on higher curvature terms. Here we discuss these
restrictions in the case of terms quadratic in curvature. The most general quadratic
curvature contribution to the action is given by:
MD−2P
∫
dDx
√−G [αR2 + βRMNRMN + γ (RMNSTRMNST − 4RMNRMN +R2)] .
(68)
The Gauss-Bonnet combination does not introduce higher derivatives. The other
two terms do not contribute higher derivative terms provided that
4(D − 1)α +Dβ = 0 , (69)
and in this case we have (ck>2 = 0):
c2 =
(D − 1)(D − 2)(D − 4)
12
[4(D − 3)γ − (D − 2)β] . (70)
Note that c2 vanishes for D = 4. The same is the case for D > 4 and
β =
4(D − 3)γ
(D − 2) , (71)
when the quadratic curvature contribution is of the form:
MD−2P
∫
dDx
√−G CMNSTCMNST , (72)
where CMNST is the Weyl tensor and the theory is at a critical point discussed in
[66] with a unique vacuum.
Here we should point out that our discussion of higher-curvature terms in this
section is motivated primarily by our discussion of New Massive Gravity in Section
8 (as opposed to in the context of the gravitational Higgs mechanism).
6 Non-perturbative Longitudinal Solutions
In this section we discuss non-perturbative solutions to the equations of motion
in the Minkowski background with the aim to further demonstrate that, despite
apparent issues with perturbative unitarity, e.g., in the case of the linear potential
where perturbatively there is a propagating ghost, non-perturbatively no negative-
norm states appear and the background appears to be stable. In most cases solving
highly nonlinear equations of motion analytically is challenging. However, there are
two cases of interest where the equations of motion are tractable. In this section we
will assume that no higher-curvature terms are present.
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6.1 Linear Potential
Let us start with the linear potential. From (56) we have
g =
Ω− (D − 2)
1 + c1
U2
µ2
, (73)
where we have used (31) together with Λ˜ = 0. Furthermore, from the condition that
the Hamiltonian is constant, we have:
g e−2(D−1)q = ν2 , (74)
where
ν ≡ H
2κµ2
> 0 . (75)
We therefore have the following first-order equation for q:
(D − 1)(D − 2) ν
2
µ2
(∂tq)
2 = (1− ν2)− (e−2q − 1)2
D−3∑
k=0
(k + 1) e−2kq , (76)
where we have used the following identity
n xn−1 − (n− 1) xn = 1− (x− 1)2
n−2∑
k=0
(k + 1) xk (77)
along with the definitions of Ω and c1. Note that from (76) we have ν ≤ 1.
The equation of motion (76) can be solved in the D = 3 case, which suffices for
our purposes here:
e2q =
1
ν2
[
1 +
√
1− ν2 cos
(√
2µ(t− t0)
)]
, (78)
where t0 is an integration constant. Note that, due to (74), we have
g
1
2 = ν e2q . (79)
The metric is given by
ds2 = −g−1 dt2 + e−2q δijdxidxj . (80)
Let us redefine the time coordinate as follows:
dτ ≡ g− 12 dt . (81)
Then we have
τ − τ0 = 1√
2µ
arccos
( √
1− ν2 + cos (√2µ(t− t0))
1 +
√
1− ν2 cos (√2µ(t− t0))
)
, (82)
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where τ0 is an integration constant. In terms of this new time coordinate τ we have:
ds2 = −dτ 2 + e−2q δijdxidxj , (83)
where
e−2q = 1−
√
1− ν2 cos
(√
2µ(τ − τ0)
)
. (84)
The non-perturbative Hamiltonian for the linear potential in general dimension D
is given by:
Hnon-pert = 2κµ3
√
(D − 1)e−2(D−2)q − (D − 2)e−2(D−1)q
µ2 + (D − 1)(D − 2)(∂tq)2 . (85)
If we naively expand the Hamiltonian in the weak-field approximation to the second
order in q and ∂tq, we obtain:
Hpert = 2κ
{
µ2 − (D − 1)(D − 2)
[
1
2
(∂tq)
2 + µ2 q2
]
+ . . .
}
, (86)
where the ellipses stand for higher order terms in q and ∂tq. This naive expansion
produces a ghost of mass M∗ =
√
2µ, which is precisely the mass of the perturbative
would-be ghost – the trace h – in (25) when ζ = 2.23 However, non-perturbatively
there is no ghost as the Hamiltonian is positive. Instead, we have non-perturbative
oscillations with the same mass parameter M∗, but with the amplitude controlled
by ν. This amplitude is small for ν = 1 − ǫ, where ǫ ≪ 1. However, if ν is not
close to 1, then the perturbative expansion breaks down. Therefore, the presence of
a ghost in the perturbative expansion is merely an artifact of linearization.
For the sake of completeness, let us note that the equation of motion for general
D in terms of the time coordinate τ reads:
(D − 1)(D − 2) e
−2(D−1)q
µ2
(∂τq)
2 = (1− ν2)− (e−2q − 1)2
D−3∑
k=0
(k + 1) e−2kq , (87)
with
g
1
2 = ν e(D−1)q , (88)
and τ is related to t via (81).
6.2 Square-root Potential
As was argued in [16], in the case of the quadratic potential the Fierz-Pauli point
is not special in any way as far as non-perturbative unitarity is concerned, in fact,
non-perturbatively the Hamiltonian is bounded from below for a continuous range of
23For general ζ 6= 1, perturbatively the mass of the propagating trace component h is given by
M2
∗
= ζ(D − ζ)µ2/(D − 2)(ζ − 1) – see, e.g., [5] for details.
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values of the four-derivative coupling λ in (32) smoothly interpolating between the
linear potential (ζ = 2 in (25)) and the Fierz-Pauli point (ζ = 1 in (25)). The aim
of this subsection is to understand if there is anything “special” happening at the
Fierz-Pauli point, if not from the non-perturbative unitarity standpoint, at least at
the level of the non-perturbative equations of motion. The latter are cumbersome to
analyze for the quadratic potential. However, they are tractable for the square-root
potential (39) in the Minkowski background at the Fierz-Pauli point, i.e., a = 0 and
b = −(D − 1).
From (56) we have
(D − 1)(f − 1)√
g + (D − 1)(f − 1) = c1
gU2
µ2
. (89)
Furthermore, from the condition that the Hamiltonian is constant, we have:
g
1
2 f−
D−1
2
2
√
g + (D − 1)(f − 1) = ν , (90)
where ν is defined in (75). Let us define a new time coordinate t˜ via
dt˜ = g−3/4dt , (91)
We then have the following equation for f :
(f − 1)f D+32 = D − 2
8νµ2
(∂t˜f)
2 . (92)
Let us define
f˜ ≡ f−1 . (93)
We have
(1− f˜)f˜ 3−D2 = D − 2
8νµ2
(
∂t˜f˜
)2
. (94)
One solution is f˜ ≡ 1, i.e., f ≡ 1, which implies ν = 1/2. Note that g is arbitrary
in this case and can be absorbed into the definition of the time coordinate.
To see if there are any other solutions, let us consider the D = 3 case, which
suffices for our purposes here. In D = 3 a nontrivial solution to (94) is given by
f˜ = 1− 2νµ2 (t˜− t˜0)2 , (95)
where t˜0 is an integration constant. This implies that f˜ ≤ 1 and f ≥ 1. Note that
the metric is given by
ds2 = −g 12dt˜2 + f˜ δijdxidxj , (96)
and from (90) we have
g =
8ν2f 2(f − 1)
1− 4ν2f 2 , (97)
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so we must have f < 1/(2ν) and f˜ > 2ν, i.e., ν < 1/2.
On the other hand, from (43) (with the higher curvature terms and the source
term set to zero), we have for the scalar curvature
R = µ2
D − 1
D − 2
g + (D − 1)f −D√
g + (D − 1)(f − 1) . (98)
So, in the above solution (95), when f approaches 1/(2ν) from below, which occurs
at
t˜± = t˜0 ± 1
µ
√
1
2ν
− 1 , (99)
the scalar curvature R diverges (R → +∞) as g diverges and we have singularities
at t˜±. Furthermore, as f approaches 1 from above, which occurs when∣∣t˜− t˜0∣∣→ 0 , (100)
the scalar curvature R also diverges (R→ −∞) as g goes to zero.
As in the previous subsection, let us introduce the time coordinate τ defined via
dτ = g−
1
2dt = g
1
4dt˜ . (101)
Then the metric reads
ds2 = −dτ 2 + f˜ δijdxidxj . (102)
Since
g
1
4 ∼ ∣∣t˜− t˜±∣∣− 14 (103)
as t˜ approaches t˜±, it takes finite time τ to reach the singularities at t˜ = t˜±, which
are therefore true (not coordinate) singularities. The singularity at t˜ = t˜0 is also a
true singularity. Therefore, the solution (95) with ν < 1/2 is a singular solution,
which appears to be non-physical, and should be discarded.24 This leaves us with
the sole non-singular solution f ≡ 1 with ν = 1/2.
Thus, what is “special” at the Fierz-Pauli point is that non-perturbatively there
appears to be no dynamics associated with the longitudinal mode. In contrast, as
we saw in the previous subsection for the linear potential, at a non-Fierz-Pauli point
we have oscillating non-perturbative solutions with the mass scale M∗ =
√
2µ, same
as the mass of the would-be perturbative ghost; however, non-perturbatively there
is no ghost and the Hamiltonian is bounded from below.
24Perhaps inclusion of higher-curvature terms could smooth out the singularities. Note that this
solution passes through the epoch of vanishing (small) curvature.
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6.3 Full Equations of Motion
In this subsection we check that the solutions we found using the above Hamiltonian
approach satisfy the full equations of motion. We are looking for the solutions of
the form:
GMN = diag(u(t) η00, e
2A(t) ηii) . (104)
Note the relation to our notations above: u = g−1 and A = −q. We have:
Rij =
[
A′′
u
− A
′u′
2u2
+
(D − 1)
u
(A′)2
]
e2A ηij , (105)
R00 = −(D − 1)
[
A′′ + (A′)2 − A
′u′
2u
]
, (106)
Ri0 = 0 , (107)
where a prime on A and u denotes a time derivative (not to be confused with a
prime on the potential V defied above). The equations of motion (43) and (44) read
(assuming the Minkowski background metric G˜MN = ηMN and no source or higher
curvature terms):
RMN = µ
2
[
V ′(X) ηMN +
V (X)−X V ′(X)
D − 2 GMN
]
, (108)
∂M
[√−GV ′(X)GMN] = 0 , (109)
where
X ≡ u−1 + (D − 1)e−2A . (110)
Therefore, for the metric (104) we have:
A′′ − A
′u′
2u
+ (D − 1)(A′)2 = µ2u
[
V ′(X)e−2A +
V (X)−X V ′(X)
D − 2
]
, (111)
(D − 1)
[
A′′ + (A′)2 − A
′u′
2u
]
= µ2
[
V ′(X) +
V (X)−X V ′(X)
D − 2 u
]
, (112)
u =
1
ν2
e2(D−1)A [V ′(X)]
2
, (113)
where ν is an integration constant and the last equation for u follows from the
Bianchi identity (109). Combining these equations, we have:
(D − 1)(D − 2)ν
2
µ2
(A′)2 =
(D − 1)V ′(X)e2(D−2)A + [V (X)−X V ′(X)] e2(D−1)A − ν2V ′(X) . (114)
For the linear potential V (X) = X − (D − 2) we recover (76). Furthermore, the
second-order equation for A reads
A′′ =
µ2
ν2
[
e2(D−2)A − e2(D−1)A] , (115)
which follows from the first-order equation (76).
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7 Non-perturbative Non-longitudinal Solutions
In the previous section we saw that non-perturbatively in the case of the linear
potential (non-Fierz-Pauli point) we have oscillating solutions corresponding to the
longitudinal mode with the mass parameter M∗ =
√
2µ, same as the mass of the
would-be perturbative ghost; however, non-perturbatively there is no ghost, the
Hamiltonian is bounded from below, and the aforementioned non-perturbative os-
cillating solutions appear to be well-behaved. In the case of the square-root po-
tential (Fierz-Pauli point) there appears to be no dynamics associated with the
longitudinal mode. In this section we study full non-perturbative equations includ-
ing non-longitudinal modes, i.e., the modes other than f (and g). Our goal is to
study non-perturbative massive solutions. For massive solutions we can focus on
field configurations with no spatial dependence. This can be thought about in two
ways. In the rest frame of a massive object the spatial momenta vanish, so a solu-
tion to the (nonlinear) “wave” equation depends only on time.25 Alternatively, as
in Subsection 4.2, we can compactify the spatial coordinates on a torus TD−1 and
disregard the Kaluza-Klein modes. This is a valid approximation for slow-moving
massive objects.
We will therefore look for solutions of the following form, which depend only on
time t:
G00 ≡ −u(t) , (116)
Gij ≡ Gij(t) , (117)
Gi0 ≡ 0 . (118)
While u(t) > 0 in the metric can be absorbed into the definition of time via dτ =
u1/2dt, we must keep it for the purpose of solving the equations of motion because
diffeomorphisms are broken by the potential V and u contributes into V .
For the above field configurations we have:
Rij =
1
2u
G′′ij +
1
4u
(
φ− u
′
u
)
G′ij −
1
2u
fij , (119)
R00 = −1
2
φ′ +
u′
4u
φ− 1
4
Gij fij , (120)
Ri0 = 0 , (121)
where
φ ≡ Gij G′ij , (122)
fij ≡ G′ik G′jl Gkl . (123)
25E.g., in the case of massive Klein-Gordon equation
(
∂M∂M −m2
)
φ = 0, in the rest frame the
solution is given by φ = a cos(Et) + b sin(Et), where the energy E = m.
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The equations of motions read:
RMN = µ
2
[
V ′(X) ηMN +
V (X)−X V ′(X)
D − 2 GMN
]
, (124)
∂M
[√−GV ′(X)GMN] = 0 , (125)
where
X ≡ u−1 +Gijηij . (126)
When u ≡ 1 and Gij = ηij (the Minkowski background), we have X = D.
From the Bianchi identity (125) we have
u =
1
ν2
det(Gij) [V
′(X)]
2
, (127)
where ν is an integration constant.
In the general case solving the above nonlinear equations analytically is chal-
lenging (albeit not impossible – see Subsection 7.3 below). For the linear potential
V (X) = X − (D− 2) we have substantial simplifications. First, from (127) we have
u =
1
ν2
det(Gij) , (128)
u′ = φ u , (129)
and (119) simplifies as follows:
Rij =
1
2u
[
G′′ij − fij
]
. (130)
So the equations of motion read:
G′′ij − fij = 2µ2u [ηij −Gij ] , (131)
φ′ − 1
2
φ2 +
1
2
Gijfij = 2µ
2[1− u] . (132)
From the Gij equation we also have
φ′ = 2µ2u
[
Gijηij − (D − 1)
]
. (133)
We will now analyze the above equations.
7.1 Three Dimensions
In D = 3 we have the following simplification:
fij = φ G
′
ij − ξ Gij , (134)
ξ ≡ det(G
′
ij)
det(Gij)
, (135)
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so we have
G′′ij − φ G′ij + ξ Gij = 2µ2u [ηij −Gij ] , (136)
φ′ − ξ = 2µ2[1− u] . (137)
Using (133) we also have
ξ = 2µ2
[
u(Gijηij − 1)− 1
]
. (138)
Let
χ ≡ ηijGij . (139)
If we assume that χ = 2, then from (136) it follows that ξ = 0 and det(G′ij) = 0.
However, in D = 3 this would imply that Gij = ηij. Indeed, if χ = 2, then we
have Gij = ηij + a (σ3)ij + b (σ1)ij, where σ1 and σ3 are the Pauli matrices, and
det(G′ij) = −(a′)2 − (b′)2, so ξ = 0 implies that a and b are constant (and can
be set to 1 by rescaling the spatial coordinates). This means that for the linear
potential in D = 3 nontrivial solutions always involve a mixture of the longitudinal
and non-longitudinal modes.
To summarize, our equations of motion read:
G′′ij − φ G′ij + ξ Gij = 2µ2u [ηij −Gij ] , (140)
ξ = 2µ2
[
u(Gijηij − 1)− 1
]
, (141)
u =
1
ν2
det(Gij) , (142)
φ =
u′
u
. (143)
We have the following solution:
G11 = u , (144)
G22 = 1 , (145)
G12 = 0 , (146)
ν = 1 , (147)
and u is a solution to the following equation:(
u′
u
)′
= 2µ2[1− u] . (148)
Let
u ≡ eω . (149)
Then we have
ω′′ = 2µ2 [1− eω] , (150)
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and
(ω′)2 + Φ(ω) = 4µ2η , (151)
where η is an integration constant,
Φ(ω) ≡ 4µ2 [eω − 1− ω] , (152)
and we have Φ(ω) ≥ 0 and η ≥ 0. For η = 0 we have a trivial solution ω ≡ 0 (and
u ≡ 1). For η > 0 we have solutions oscillating between ω− and ω+, where ω− and
ω+ are the negative and positive roots of the equation
eω± − 1− ω± = η , (153)
and the period of these oscillations is given by:
T =
1
µ
F (η) , (154)
where
F (η) ≡
∫ ω+
ω−
dω√
η + 1 + ω − eω . (155)
For η ≪ 1 we have T ≈ 2π/(√2µ), which is consistent with fact that in this case
perturbatively the mass of both the longitudinal (see Subsection 6.1) and of the
non-longitudinal (see (27)) modes is
√
2µ. However, if η is not small, then the
oscillation period depends on the amplitude, which is controlled by η. Furthermore,
non-perturbatively we have no ghost.
The above oscillating solutions are interesting because only one of the spatial
directions expands and contracts, while the other does not. Such unisotropically
oscillating solutions may have interesting applications in the context of cosmology.
Finally, let us note that the above solution can be rotated, and the following is
also a solution to the equations of motion:
G11 = u cos
2(α) + sin2(α) , (156)
G22 = u sin
2(α) + cos2(α), (157)
G12 = (u− 1) cos(α) sin(α) , (158)
ν = 1 , (159)
where u is the same as above and α is a constant.
7.2 “Cosmological Strings”
Looking at the equations of motion for the linear potential for general D, it is
evident that solutions with only one oscillating spatial direction exist in any D. Up
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to SO(D − 1) rotations, these solutions are given by:
G11 = u ≡ eω , (160)
Gii = 1, i > 1 (161)
Gij = 0 , i 6= j (162)
ν = 1 , (163)
and the metric is given by
ds2 = eω(t)
[−dt2 + (dx1)2]+ D−1∑
i=2
(dxi)2 , (164)
where ω is an oscillating solution to the equation (151) with the period T given by
(154). In terms of the time coordinate τ defined via
dτ ≡ eω/2 dt , (165)
we have the metric
ds2 = −dτ 2 + eω(dx1)2 +
D−1∑
i=2
(dxi)2 . (166)
The oscillation period in terms of the time coordinate τ is given by
T˜ =
1
µ
F˜ (η) , (167)
where
F˜ (η) ≡
∫ ω+
ω−
eω/2dω√
η + 1 + ω − eω , (168)
and ω± are defined in (153).
These solutions are 2-dimensional cosmological defects – “cosmological strings”
– in a D-dimensional space-time. Unlike static cosmic strings, cosmological strings
are not static objects. The cosmological sting solutions we found here have the
length scale (“warp” factor) in one spatial dimension oscillating in time, while the
other (D − 2) spatial dimensions remain static and flat.
Cosmological strings arise in the gravitational Higgs mechanism because diffeo-
morphisms are spontaneously broken. Indeed, for the metric of the form (164) and,
more generally, for any metric of the form
ds2 = γµνdx
µdxν +
D−1∑
i=2
(dxi)2 , (169)
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where the metric γµν , µ, ν = 0, 1 is independent of x
i, i > 1, we have
Rµν =
1
2
γµνR , (170)
Rij = 0 , i, j > 1 , (171)
Rµi = 0, i > 1 , (172)
and the Einstein tensor EMN ≡ RMN − 12GMNR is given by:
Eµν = 0 , (173)
Eij = −1
2
ηijR , i, j > 1 , (174)
Eµi = 0 , i > 1. (175)
So, to have such solutions, we must have non-vanishing Eij in the transverse direc-
tions i, j > 1. This is precisely what transpires in the gravitational Higgs mechanism
with the linear potential V (X) = X − (D− 2). In fact, it is not difficult to see that
such solutions exist for no other potential V (X) (albeit a priori this does not exclude
more general cases – see footnote 16 hereof).
7.3 Constant-volume Solutions
Above we discussed non-perturbative solutions for the linear potential. In this sub-
section we discuss purely non-longitudinal solutions, which we will also refer to as
“traceless” solutions, for which ηijGij = D − 1, i.e., hij ≡ Gij − ηij is traceless:
h ≡ ηijhij = 0. For the general potential V (X) we can achieve a simplification by
working in D = 3 and considering constant-volume solutions for which
[det(Gij)]
′ = 0 . (176)
In this case the equations of motion simplify as follows:
G′′ij + ξ Gij = 2µ
2 u (V ′(X) ηij + [V (X)−X V ′(X)] Gij) , (177)
ξ = −2µ2 (V ′(X) + [V (X)−X V ′(X)] u) , (178)
where the first equation follows from the ij component of the equations of motion
(124), while the second equation follows from the 00 component, and
ξ ≡ det(G
′
ij)
det(Gij)
, (179)
X ≡ u−1 +Gijηij . (180)
The 00 component of the metric, u ≡ −G00, is determined via (127), which follows
from the Bianchi identity (125):
u =
1
ν2
det(Gij) [V
′(X)]
2
, (181)
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where ν is an integration constant. Note that in D = 3, when ηijhij = 0, we have
Gij =
[
ηij − hij] [det(Gij)]−1 , (182)
where hij ≡ ηikηjlhkl and ηijhij = 0. This implies that Gijηij = 2 [det(Gij)]−1 is
constant as we have (176), so both X and u are also constant. Then from (178) it
follows that ξ is also constant. We therefore have:
h′′ij = −M˜2 hij , (183)
(1 + u) V ′(X) + 2u [V (X)−X V ′(X)] = 0 , (184)
ξ = −µ2(1− u)V ′(X) , (185)
X = u−1 + 2 [det(Gij)]
−1 , (186)
M˜2 ≡ 2µ2uV ′(X) . (187)
A solution is given by
h11 = −h22 = ρ cos(M˜(t− t0)) , (188)
h12 = ρ sin(M˜(t− t0)) , (189)
u =
1− ρ2
1 + ρ2
, (190)
with
X =
3 + ρ2
1− ρ2 , (191)
det(Gij) = 1− ρ2 , (192)
ξ = − ρ
2
1− ρ2 M˜
2, (193)
and ρ is subject to (184). Using ρ2 = (X − 3)/(X + 1) and u = 2/(X − 1), (184)
reduces to
4V (X)− (3X − 1)V ′(X) = 0 . (194)
Note that due to (20) this equation always has at least one solution, namely, X = 3
(so u = 1 and ρ = 0), which is simply the Minkowski background. Also note that,
in agreement with our results in Subsection 7.1, for the linear potential V (X) =
X−1, this is the only solution. However, for nonlinear potentials we can have other
nontrivial solutions to (194). Such a solution X = X∗ must satisfy two conditions:
X∗ > 3 (so that ρ
2 is positive – in this case u is also positive) and V ′(X∗) > 0 (so
that M˜2 is positive).
We have such a solution already for a quadratic potential:
V (X) = λ
[
X2 + 2(X∗ + 2)X − (2X∗ + 1)
]
. (195)
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For this potential (194) has two solutions: X = 3 and X = X∗. We can choose
X∗ > 3. We also have V
′(X∗) = 4λ(X∗ + 1), which is positive for λ > 0. If we
compute perturbative mass squared and ζ via (26) and (27), we getM2 = 2µ2λ(X∗+
3) > 0 and ζ = 2(X∗ + 5)/(X∗ + 3), so perturbatively the traceless components
have positive mass squared, and so does the trace component (as 1 < ζ < 3 –
see footnote 23 hereof), albeit perturbatively the trace component is a propagating
ghost (this is a non-Fierz-Pauli point), while non-perturbatively there is no ghost
as the Hamiltonian (63) is evidently positive-definite in this case.
Let us rescale the time coordinate via
dτ 2 ≡ u dt2 (196)
Then the metric reads
ds2 = −dτ 2 + [1 + ρ cos(M1τ)] (dx1)2 + [1− ρ cos(M1τ)] (dx2)2 +
2ρ sin(M1τ) (dx
1)(dx2) , (197)
where M21 ≡ M˜2/u = 2µ2V ′(X∗).
Finally, let us mention that in the above constant-volume traceless solutions the
amplitude ρ of the oscillations is determined by the higher-derivative couplings in
the scalar sector. Indeed, ρ is fixed by X∗, which in turn is fixed via the higher-
derivative coupling once we normalize the kinetic term, i.e., the term linear in X in
(195), by setting 2λ(X∗ + 2) = 1. Also note that ρ is small when X∗ − 3 is small.
8 An Aside: New Massive Gravity
In this section, as an illustrative aside, we discuss a simple application of the methods
discussed in the previous section to New Massive Gravity [65], which appears to
confirm the results of [67] obtained via a different framework. For computational
convenience, our discussion here will be for general dimension D and a general higher
derivative gravity action (without any scalars or breaking of the diffeomorphism
invariance) subject to the restrictions on higher curvature terms that (52) does
not contain higher derivative terms (see Section 5). We will then apply it to the
particular case of New Massive Gravity.
For the field configurations of the form
GMN = diag(g(t) η00, f(t) ηii) , (198)
the dimensionally reduced action reads
S = −κ
∫
dt g−
1
2 e−(D−1)q Q(gU2) , (199)
where
U ≡ ∂tq ≡ 1
2
∂t ln(f) (200)
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and Q(gU2) is given by (52). The g equation of motion reads:
2gU2Q′(gU2) = Q(gU2) . (201)
The HamiltonianH = 0, which is due to the fact that diffeomorphisms are unbroken.
Due to (201), the q equation of motion reduces to
∂t
[
g
1
2UQ′(gU2)
]
= 0 . (202)
Let us introduce the time coordinate τ via
dτ = g−
1
2dt . (203)
The metric reads
ds2 = −dτ 2 + e−2q ηijdxidxj . (204)
We then have
(∂τq)
2 = x∗ , (205)
where x∗ is a solution to the equation
2x∗Q(x∗) = Q(x∗) , (206)
and
Q(x) ≡
∞∑
k=1
ckx
k . (207)
So, we have a Minkowski solution as x∗ = 0 is a solution to (206). Depending on Q,
there might also exist other solutions. Consider the case of quadratic Q:
Q(x) = c1x+ c2x
2 . (208)
Then we have an additional solution
x∗ = − c1
3c2
. (209)
For the action
S = MD−2P
∫
dDx
√−G [σR + αR2 + βRMNRMN] , (210)
where
β ≡ 1
m2
, (211)
σ = ±1 , (212)
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we have (see Section 5)
α = − D
4(D − 1)m2 , (213)
c1 = σ(D − 1)(D − 2) , (214)
c2 =
(D − 1)(D − 2)2(4−D)
12m2
, (215)
x∗ = − 4σm
2
(4 −D)(D − 2) , (216)
where we are assuming D 6= 4.26 For σ = −1 we have de Sitter background q = Hτ
with the Hubble parameter H and the cosmological constant Λ˜:
H2 =
4m2
(4−D)(D − 2) , (217)
Λ˜ = (D − 1)(D − 2)H2 = 4(D − 1)m2/(4−D) . (218)
In D = 3 this reproduces the known results in New Massive Gravity. Our point
here is that, with the restrictions of Section 5, only first time-derivatives appear
in action (199) and no trouble is expected with the longitudinal mode. This is
evident in the language of g and f , and appears to be much more nontrivial in
the usual perturbative parametrization (see [67]). In particular, non-perturbatively
there is no unusual dynamics associated with the longitudinal mode, which simply
determines the choice of the background (Minkowski or de Sitter). Therefore, there
appears to be no issue with unitarity in New Massive Gravity. What is less evident
is whether there exist non-perturbative massive solutions for the non-longitudinal
modes as they do in the gravitational Higgs mechanism (see Section 7). In this
regard, it would be interesting to apply the methods discussed in Section 7 to New
Massive Gravity and see if there exist non-perturbative massive solutions to the
(highly nonlinear) equations of motions. We will do this in the remainder of this
section.
8.1 No Cosmological Strings in New Massive Gravity
In the gravitational Higgs mechanism, in the previous section, we found cosmological
string solutions. Here we show that such solutions are absent in New Massive Grav-
ity. As before, for computational convenience we will work in the general dimension
D. We start with the action (199). The equations of motion read:
σEMN +KMN = 0 , (219)
26For D = 4 we have c2 = 0 and there is only x∗ = 0 solution.
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where
EMN ≡ RMN − 1
2
GMNR , (220)
KMN ≡ (2α+ β)(GMN∇2 −∇M∇N)R + β∇2EMN +
2αR
(
RMN − 1
4
GMNR
)
+ 2β
(
RMSNT − 1
4
GMNRST
)
RST . (221)
For any metric of the form
ds2 = γµνdx
µdxν +
D−1∑
i=2
(dxi)2 , (222)
where the metric γµν , µ, ν = 0, 1 is independent of x
i, i > 1, we have
Eµν = 0 , (223)
Eij = −1
2
ηijR , i, j > 1 (224)
Kµν = (2α+ β)
[
(γµν∇2 −∇µ∇ν)R + 1
4
γµνR
2
]
, (225)
Kij =
[(
2α +
1
2
β
)
∇2R− 1
4
(2α + β)R2
]
ηij , i, j > 1. (226)
The equations of motion (219) then imply that
∇µ∇νR = −1
4
γµνR
2 , (227)
(3α + β)R2 + σR = 0 , (228)
which only have a trivial solution R = 0 assuming σ 6= 0. For σ = 0 (no Einstein-
Hilbert term) we can satisfy the second equation if the condition 3α + β = 0 is
satisfied.27 However, these cannot be massive solutions. This can be seen by trans-
forming the 2-dimensional metric γµν into a conformally flat form. Alternatively, if
we look for solutions that depend only on time t (see the discussion at the beginning
of Section 7), then we invariably have R = 0. So, there are no cosmological strings
in New Massive Gravity.28
8.2 Analysis of Massive Solutions
In this subsection we study full non-perturbative equations in New Massive Gravity
in the context of non-perturbative massive solutions. The theory has full diffeo-
morphism invariance. Therefore, we can always set G00 = 1 and Gi0 = 0. For the
27This condition is not satisfied in New Massive Gravity in D = 3. This condition is the same
as (69) in D = 4, in which case we simply have Weyl gravity up to the Gauss-Bonnet combination,
which is a total derivative in D = 4.
28In the gravitational Higgs mechanism we found cosmological string solutions for the linear
potential.
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remaining metric components we look for solutions that depend only on time t. We
then have
R00 = −1
2
R + z , (229)
Gij Rij =
1
2
R + z , (230)
Ri0 = 0 . (231)
Using our formulas in Section 7, in D = 3, which we focus on here, we have
z =
ξ
4
, (232)
where ξ is defined in (135).
In D = 3 we have the following identity:
RikRjlG
kl = Rij
(
RklG
kl
)−Gij det(Rkl)
det(Gkl)
. (233)
We are assuming that det(Gkl) > 0. It then follows that
RMNR
MN =
1
2
R2 + 2 z2 − 2 det(Rkl)
det(Gkl)
. (234)
On the other hand, the equation of motion (219) in D = 3 implies that
RMNR
MN − 3
8
R2 = −m2 R , (235)
where we have set β = 1/m2 and σ = −1. Furthermore,
EMN = KMN , (236)
m2 KMN =
1
4
(
GMN∇2 −∇M∇N
)
R +∇2EMN +
9
4
RMNR − 4RMSRSN − 3m
2
2
GMNR− 1
4
GMNR
2 . (237)
From (234) and (235) it follows that
R =
2
m2
[
det(Rkl)
det(Gkl)
− z2 − 1
16
R2
]
. (238)
Furthermore, from the 00 component of the equation of motion (236), we also have:
R =
2
3m2
[
z′′ +
(
m2 +
7
4
R
)
z − 4 z2 − 1
8
R2
]
, (239)
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where we have taken into account that E00 = R00+R/2 = z and that ∇20E00 = E ′′00.
Finally, the ij components of the equation of motion (236) read
−∇20Rij +
(
1
4
R − 4z −m2
)
Rij +
(
m2R + 4z2 +
1
4
R′′
)
Gij = 0 , (240)
where we have used (233), (230) and (238). Let
Rij ≡ Rij − 1
2
Gij
(
GklRkl
)
= Rij −Gij
(
R
4
+
z
2
)
. (241)
Note that GijRij = 0. Using (230) and the fact that ∇20z = z′′, from (240) we get
−∇20Rij +
(
1
4
R− 4z −m2
)
Rij = 0 . (242)
Also,
det(Rij) = det(Rij) +
(
R
4
+
z
2
)2
det(Gij) , (243)
so (238) reads
R =
2
m2
[
det(Rkl)
det(Gkl)
− 3
4
z2 − 1
4
R z
]
. (244)
Note that Gij = e
−2Htηij is a solution to (238), (239) and (240) for H
2 = 4m2.
Indeed, in this case we have Rij = 2H
2Gij , R00 = −2H2, z = H2 and R = 6H2. This
is the de Sitter solution discussed above. However, what we are interested in here is
finding massive solutions. Just as in the case of gravitational Higgs mechanism, we
expect that if such solutions exist, they should exist for weak-field configurations.
8.2.1 Linearized Approximation
In the linearized approximation
Gij ≡ ηij + hij , (245)
and one keeps only the terms linear in hij in the equations of motion. Thus, we have
R
(1)
ij =
1
2
h′′ij , (246)
R
(1)
00 = −
1
2
h′′ , (247)
Ri0 = 0 , (248)
R(1) = h′′ , (249)
where h ≡ ηijhij. Note that the leading term in z is quadratic in hij , so z(1) = 0.
Both (238) and (239) then require that
R(1) = 0 , (250)
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and at this order the trace component vanishes: h(1) = 0. We have
K
(1)
MN = −
1
m2
∂2tE
(1)
MN , (251)
E
(1)
MN = R
(1)
MN , (252)
so the equations of motion (219) give[
∂2t +m
2
]
∂2t h
(1)
ij = 0 , (253)
which are solved by solutions to the equations[
∂2t +m
2
]
h
(1)
ij = 0 , (254)
which are massive oscillating solutions.
8.2.2 Next-to-linear (Quadratic) Order
Let h
(1)
ij be an arbitrary nontrivial solution of (254). We have h
(1) = 0 and
z(2) =
1
4
det(∂th
(1)
ij ) . (255)
Using (254) we then have
z(2) = C − m
2
4
det(h
(1)
ij ) , (256)
∂2t z
(2) =
m4
2
det(h
(1)
ij )− 2m2 z(2) = m4 det(h(1)ij )− 2m2 C . (257)
Here C is an integration constant (C ′ ≡ 0) – (256) can be obtained by differentiating
(255) w.r.t. t and using (254). Note that, unless h
(1)
ij ≡ 0, we have det(∂th(1)ij ) < 0
and det(h
(1)
ij ) < 0 as h
(1) = 0, which implies that C < 0. Conversely, if C = 0, then
h
(1)
ij ≡ 0.
Next, we have
det(R
(1)
ij ) =
m4
4
det(h
(1)
ij ) . (258)
At the quadratic order in hij and its derivatives, (238) and (239) then give, respec-
tively:
R(2) =
m2
2
det(h
(1)
ij ) , (259)
R(2) =
m2
2
det(h
(1)
ij )−
2C
3
, (260)
which implies that C = 0 and h
(1)
ij ≡ 0. Thus, as we see, the quadratic order
equations of motion have no massive oscillating solutions around the Minkowski
background.
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8.2.3 Non-perturbative Argument
The fact that perturbatively there are no massive solutions at the next-to-linear
order indicates that either massive solutions do not exist or they cannot be treated
perturbatively. Here we wish to see this without doing perturbative expansion.
If there are massive solutions, we expect that they should be traceless, i.e., in
the decomposition Gij = ηij + hij , without assuming that hij are small, we have
h ≡ ηijhij = 0. For such field configurations we have ηijGij = 2 and
ηijRij = 3z − 1
2
R . (261)
From (242) we then have
R′′ = 8m2R− 16Rz +R2 + 48z2 , (262)
where we have used (239). Note that this equation is exact for all traceless field
configurations with ηijGij = 2. It is now clear that there are no massive solutions
corresponding to weak-field configurations. Indeed, for such field configurations |R|
and |z| are small compared with m2, so the last three terms on the r.h.s. of (262)
are small and can be neglected. However, the resulting equation R′′ = 8m2R does
not correspond to oscillating massive solutions; instead, it has exponentially growing
solutions, which implies that the weak-field assumption is incorrect to begin with.29
Acknowledgments
I would like to thank Alberto Iglesias for reading the manuscript and valuable com-
ments.
References
[1] Z. Kakushadze and P. Langfelder, “Gravitational Higgs Mechanism”, Mod.
Phys. Lett. A15 (2000) 2265, arXiv:hep-th/0011245.
[2] G. ’t Hooft, “Unitarity in the Brout-Englert-Higgs Mechanism for Gravity”,
arXiv:0708.3184.
[3] Z. Kakushadze, “Gravitational Higgs Mechanism and Massive Gravity”, Int. J.
Mod. Phys. A23 (2008) 1581, arXiv:0709.1673.
[4] I. Oda, “Gravitational Higgs Mechanism with a Topological Term”,
arXiv:0709.2419.
29We can show directly that there are no constant-volume traceless solutions. Constant-volume
solutions are defined as those with [det(Gij)]
′ ≡ 0. For such solutions we have R = −2z. Then
(239) and (262) imply that z = 0 or z = 6m2/25. However, for traceless configurations z < 0
unless hij ≡ 0. This shows that there are no constant-volume traceless solutions.
33
[5] Z. Kakushadze, “Massive Gravity in Minkowski Space via Gravitational Higgs
Mechanism”, Phys. Rev. D77 (2008) 024001, arXiv:0709.1673.
[6] Z. Kakushadze, “Massless Limit of Gravitational Higgs Mechanism”, Int. J.
Geom. Meth. Mod. Phys. 05 (2008) 157, arXiv:0711.0386.
[7] M. Maeno and I. Oda, “Classical Solutions of Ghost Condensation Mod-
els”, Mod. Phys. Lett. B22 (2009) 3025, arXiv:0801.0827; “Massive Gravity
in Curved Cosmological Backgrounds”, Int. J. Mod. Phys. A24 (2009) 81,
arXiv:0808.1394.
[8] D.A. Demir and N.K. Pak, “General Tensor Lagrangian from Gravitational
Higgs Mechanism”, Class. Quantum. Grav. 26 (2009) 105018, arXiv:0904.0089.
[9] A.H. Chamseddine and V. Mukhanov, “Higgs for Graviton: Simple and Elegant
Solution”, JHEP 1008 (2010) 011, arXiv:1002.3877.
[10] I. Oda, “Higgs Mechanism for Gravitons”, arXiv:1003.1437; “Remarks on Higgs
Mechanism for Gravitons”, arXiv:1004.3078.
[11] J. Kluson, “Hamiltonian Analysis of the Higgs Mechanism for Graviton”, Class.
Quant. Grav. 28 (2011) 155014, arXiv:1005.5458.
[12] A. Iglesias and Z. Kakushadze, “Massive Gravity in de Sitter Space via Gravi-
tational Higgs Mechanism”, Phys. Rev. D82 (2010) 124001, arXiv:1007.2385.
[13] L. Alberte, A.H. Chamseddine and V. Mukhanov, “Massive Gravity: Resolving
the Puzzles”, JHEP 1012 (2010) 023 , arXiv:1008.5132.
[14] L. Berezhiani and M. Mirbabayi, “Unitarity Check in Gravitational Higgs Mech-
anism”, Phys. Rev. D83 (2011) 067701, arXiv:1010.3288.
[15] L. Alberte, A.H. Chamseddine and V. Mukhanov, “Massive Gravity: Exorcising
the Ghost”, JHEP 1104 (2011) 004, arXiv:1011.0183.
[16] A. Iglesias and Z. Kakushadze, “Non-perturbative Unitarity of Gravitational
Higgs Mechanism”, Phys. Rev. D84 (2011) 084005, arXiv:1102.4991.
[17] M.J. Duff, “Dynamical Breaking of General Covariance and Massive Spin-2
Mesons”, Phys. Rev. D12 (1975) 3969.
[18] C. Omero and R. Percacci, “Generalized Nonlinear Sigma Models In Curved
Space And Spontaneous Compactification”, Nucl. Phys. B165 (1980) 351.
[19] M. Gell-Mann and B. Zwiebach, “Space-Time Compactification Due To
Scalars”, Phys. Lett. B141 (1984) 333.
34
[20] R. Percacci, “The Higgs Phenomenon in Quantum Gravity”, Nucl. Phys. B353
(1991) 271.
[21] M.B. Green and C.B. Thorn, “Continuing between Closed and Open Strings”,
Nucl. Phys. B367 (1991) 462.
[22] W. Siegel, “Hidden Gravity in Open-String Field Theory”, Phys. Rev. D49
(1994) 4144, arXiv:hep-th/9312117.
[23] M. Porrati, “Higgs Phenomenon for 4-D Gravity in Anti de Sitter Space”, JHEP
0204 (2002) 058, arXiv:hep-th/0112166.
[24] N. Arkani-Hamed, H. Georgi and M.D. Schwartz, “Effective Field Theory for
Massive Gravitons and Gravity in Theory Space”, Annals Phys. 305 (2003) 96,
arXiv:hep-th/0210184.
[25] A.H. Chamseddine, “Spontaneous Symmetry Breaking for Massive Spin-2 In-
teracting with Gravity”, Phys. Lett. B557 (2003) 247, arXiv:hep-th/0301014.
[26] I.A. Bandos, J.A. de Azcarraga, J.M. Izquierdo and J. Lukierski, “Gravity,
p-branes and a Space-time Counterpart of the Higgs Effect”, Phys. Rev. D68
(2003) 046004, arXiv:hep-th/0301255.
[27] N. Arkani-Hamed, H.-C. Cheng, M.A. Luty and S. Mukohyama, “Ghost Con-
densation and a Consistent Infrared Modification of Gravity”, JHEP 0405
(2004) 074, arXiv:hep-th/0312099.
[28] P. Creminelli, A. Nicolis, M. Papucci and E. Trincherini, “Ghosts in Massive
Gravity”, JHEP 0509 (2005), arXiv:hep-th/0505147.
[29] N. Arkani-Hamed, H.-C. Cheng, M.A. Luty, S. Mukohyama and T. Wise-
man, “Dynamics of Gravity in a Higgs Phase”, JHEP 0701 (2007) 036,
arXiv:hep-ph/0507120.
[30] M. Leclerc, “The Higgs Sector of Gravitational Gauge Theories”, Annals Phys.
321 (2006) 708, arXiv:gr-qc/0502005.
[31] I. Kirsch, “A Higgs Mechanism for Gravity”, Phys. Rev. D72 (2005) 024001,
arXiv:hep-th/0503024.
[32] E. Kiritsis, “Product CFTs, Gravitational Cloning, Massive Gravitons and the
Space of Gravitational Duals”, JHEP 0611 (2006) 049, arXiv:hep-th/0608088.
[33] Z. Berezhiani, D. Comelli, F. Nesti and L. Pilo, “Spontaneous Lorentz
Breaking and Massive Gravity”, Phys. Rev. Lett. 131101 (2007) 99,
arXiv:hep-th/0703264.
35
[34] M.V. Bebronne and P.G. Tinyakov, “Massive Gravity and Structure Forma-
tion”, Phys. Rev. D76 (2007) 084011, arXiv:0705.1301.
[35] R. Jackiw, “Lorentz Violation in Diffeomorphism Invariant Theory”,
arXiv:0709.2348.
[36] M.V. Bebronne and P.G. Tinyakov, “Black hole solutions in massive gravity”,
JHEP 0904 (2009) 100, arXiv:0902.3899.
[37] C. de Rham and G. Gabadadze, “Generalization of the Fierz-Pauli Action”,
Phys. Rev. D82 (2010) 044020, arXiv:1007.0443.
[38] S.F. Hassan, S. Hofmann and M. von Strauss, “Brane Induced Gravity, its
Ghost and the Cosmological Constant Problem”, JCAP 1101 (2011) 020,
arXiv:1007.1263.
[39] C. de Rham, G. Gabadadze and A.J. Tolley, “Resummation of Massive
Gravity”, Phys. Rev. Lett. 106 (2011) 231101, arXiv:1011.1232; “Comments
on (super)luminality”, arXiv:1107.0710; “Ghost free Massive Gravity in the
Stu¨ckelberg language”, arXiv:1107.3820; “Helicity Decomposition of Ghost-free
Massive Gravity”, arXiv:1108.4521.
[40] S.F. Hassan and R.A. Rosen, “On Non-Linear Actions for Massive Gravity,”
JHEP 1107 (2011) 009, arXiv:1103.6055; “Resolving the Ghost Problem in non-
Linear Massive Gravity,” Phys. Rev. Lett. 108 (2012) 041101, arXiv:1106.3344.
[41] A. Gruzinov, “All Fierz-Paulian massive gravity theories have ghosts or super-
luminal modes”, arXiv:1106.3972.
[42] A.H. Chamseddine and V. Mukhanov, “Massive Gravity Simplified: A
Quadratic Action”, JHEP 1108 (2011) 091, arXiv:1106.5868; “Hidden Ghost
in Massive gravity”, arXiv:1302.4367.
[43] A.H. Chamseddine and M.S. Volkov, “Cosmological solutions with massive
gravitons”, Phys. Lett. B704 (2011) 652, arXiv:1107.5504.
[44] G. D’Amico, C. de Rham, S. Dubovsky, G. Gabadadze, D. Pirtskhalava and
A.J. Tolley, “Massive Cosmologies”, arXiv:1108.5231.
[45] L. Berezhiani, G. Chkareuli, C. de Rham, G. Gabadadze and A. J. Tolley, “On
Black Holes in Massive Gravity”, arXiv:1111.3613.
[46] A.E. Gumrukcuoglu, C. Lin and S. Mukohyama, “Cosmological perturbations
of self-accelerating universe in nonlinear massive gravity”, JCAP 03 (2012) 006,
arXiv:1111.4107.
36
[47] A. De Felice, A.E. Gumrukcuoglu and S. Mukohyama, “Massive gravity: non-
linear instability of the homogeneous and isotropic universe”, Phys. Rev. Lett.
109 (2012) 171101, arXiv:1206.2080.
[48] S. Deser and A. Waldron, “Acausality of Massive Gravity”, Phys. Rev. Lett.
110 (2013) 111101, arXiv:1212.5835.
[49] L. Berezhiani, G. Chkareuli and G. Gabadadze, “Restricted Galileons”,
arXiv:1302.0549.
[50] K. Zhang, P. Wu and H. Yu, Phys. Rev. D87 (2013) 063513, arXiv:1302.6407.
[51] A. De Felice, A.E. Gumrukcuoglu, C. Lin and S. Mukohyama, “Nonlinear sta-
bility of cosmological solutions in massive gravity”, JCAP 1305 (2013) 0351,
arXiv:1303.4154.
[52] L. Berezhiani, G. Chkareuli, C. de Rham, G. Gabadadze and A.J. Tolley,
“Mixed Galileons and Spherically Symmetric Solutions”, arXiv:1305.0271.
[53] S. Deser, K. Izumi, Y.C. Ong and A.Waldron, “Massive Gravity Acausality
Redux”, arXiv:1306.5457.
[54] M. Fierz and W. Pauli, “On Relativistic Wave Equations for Particles of Ar-
bitrary Spin in an Electromagnetic Field”, Proc. Roy. Soc. Lond. A173 (1939)
211.
[55] D.G. Boulware and S. Deser, “Can gravitation have a finite range?”, Phys. Rev.
D6 (1972) 3368.
[56] S. Deser and R. I. Nepomechie, “Gauge Invarinace versus Masslessness in de
Sitter Spaces”, Annals Phys. 154 (1984) 396.
[57] A. Higuchi, “Forbidden Mass Range for Spin-2 Field Theory in de Sitter Space-
times”, Nucl. Phys. B282 (1987) 397.
[58] S. Deser and A. Waldron, “Gauge Invariances and Phases of Massive Higher
Spins in (A)dS”, Phys. Rev. Lett. 87 (2001) 031601, arXiv:hep-th/0102166.
[59] G. Gabadadze and A. Iglesias, “Special Massive Spin-2 on de Sitter Space”,
JCAP 0802 (2008) 014, arXiv:0801.2165.
[60] G. Gabadadze, A. Iglesias and Y. Shang, “General Massive Spin-2 on de Sitter
Background”, arXiv:0809.2996.
[61] G. Dvali and M. Shifman, “Surviving on the Slope: Supersymmetric Vacuum
in the Theories Where It Is Not Supposed to Be”, Phys. Lett. B454 (1999) 277,
arXiv:hep-th/9901111.
37
[62] Z. Kakushadze, “Localized (Super)Gravity and Cosmological Constant”, Nucl.
Phys. B589 (2000) 75, arXiv:hep-th/0005217.
[63] A.G. Riess et al., “Observational Evidence from Supernovae for an Acceler-
ating Universe and a Cosmological Constant”, Astron. J. 116 (1998) 1009,
arXiv:astro-ph/9805201.
[64] S. Perlmutter et al., “Measurements of Omega and Lambda from 42 High-
Redshift Supernovae”, Astrophys. J. 517 (1999) 565, arXiv:astro-ph/9812133.
[65] E.A. Bergshoeff, O. Hohm and P.K. Townsend, “Massive Gravity in Three
Dimensions”, Phys. Rev. Lett. 102 (2009) 201301, arXiv:0901.1766; “More on
Massive 3D Gravity”, Phys. Rev. D79 (2009) 124042, arXiv:0905.1259.
[66] S. Deser, H. Liu, H. Lu, C.N. Pope, T. Cagri Sisman, B. Tekin, “Critical
Points of D-Dimensional Extended Gravities”, Phys. Rev. D83 (2011) 061502,
arXiv:1101.4009.
[67] C. de Rham, G. Gabadadze, D. Pirtskhalava, A.J. Tolley and I. Yavin, “Non-
linear Dynamics of 3D Massive Gravity”, arXiv:1103.1351.
38
